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SIDON SETS AND PERTURBATIONS
MELVYN B. NATHANSON
Abstract. Let h be a positive integer. An h-Sidon set in an additive abelian
group G is a subset A = {ai : i ∈ I} of G such that, if aij ∈ A for j = 1, . . . , 2h
and ai1 + · · ·+ aih = aih+1 + · · ·+ ai2h , then there is a permutation σ of the
set {1, . . . , h} such that aih+j = aiσ(j) for all j ∈ {1, . . . , h}. It is proved that
almost every finite set of real numbers is an h-Sidon set.
Let ε = (εi)i∈I , where εi > 0 for all i ∈ I. Let F be a field with a nontrivial
absolute value. The set B = {bi : i ∈ I} in F is an ε-perturbation of the set
A = {ai : i ∈ I} in F if |bi − ai| < εi for all i ∈ I. It is proved that, for every
ε, every countably infinite set A has an ε-perturbation B that is an h-Sidon
set.
1. Sidon sets
Let G be an additive abelian group, and let A = {ai : i ∈ I} be a nonempty
subset of G with ai 6= aj for i 6= j. For every positive integer h, we define the h-fold
sumset
hA = {ai1 + · · ·+ aih : ai1 , . . . , aih ∈ A}.
We have b ∈ hA if and only if there is a set of nonnegative integers {ui : i ∈ I}
such that ∑
i∈I
ui = h
and
b =
∑
i∈I
uiai.
Let 0A = {0}.
An h-Sidon set (also called a Bh-set) is a subset A = {ai : i ∈ I} of G such
that every element in the sumset hA has a unique representation as the sum of h
elements of A. Equivalently, an h-Sidon set is a set A that satisfies the condition:
For all b ∈ hA, if {ui : i ∈ I} and {vi : i ∈ I} are sets of nonnegative integers such
that
(1) h =
∑
i∈I
ui =
∑
i∈I
vi
and
(2) b =
∑
i∈I
uiai =
∑
i∈I
viai
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then
(3) ui = vi for all i ∈ I.
A 2-Sidon set is usually called a Sidon set.
A subset of an h-Sidon set is also an h-Sidon set. An h-Sidon set is an h1-Sidon
set for every positive integer h1 ≤ h. However, an h-Sidon set is not necessarily an
(h + 1)-Sidon set. For example, let G = Z be the additive group of integers. Let
N be the set of positive integers and N0 the set of nonnegative integers. For every
positive integer h, the set {hi : i ∈ N0} is an h-Sidon set, because every positive
integer has a unique h-adic representation, but not an (h+ 1)-Sidon set, because
ha + · · ·+ ha︸ ︷︷ ︸
h summands
+hb+1 = ha+1 + hb + · · ·+ hb︸ ︷︷ ︸
h summands
for all nonnegative integers a < b.
Every set is a 1-Sidon set, and every set with one element is an h-Sidon set for
all h. In a torsion-free group, every set with two elements is an h-Sidon set for all
h.
O’Bryant [2] has compiled a survey of Sidon sets. Most work on Sidon sets has
been restricted to subsets of the integers or other discrete groups. Cilleruelo and
Ruzsa [1] have studied Sidon sets of real, complex, and p-adic numbers.
2. Hyperplanes
Let G be an additive abelian group. For every nonempty set I, let GI be the
set of all functions from I into G. For α, β ∈ GI and i ∈ I, we write α(i) = ai
and β(i) = bi. The set G
I is a group, with addition of functions α, β ∈ GI defined
pointwise: (α + β)(i) = α(i) + β(i) for all α, β ∈ GI and i ∈ I. We do not assume
that the set I is finite.
Denote the cardinality of the set S by |S|. For every function w ∈ ZI , let
support(w) = {i ∈ I : wi 6= 0}.
Let WI,h be the set of all functions w ∈ ZI that satisfy the following:
(4) 0 < | support(w)| <∞.
(5)
∑
i∈I
wi = 0
(6) 1 ≤
∑
i∈I
wi>0
wi ≤ h.
Properties (5) and (6) imply that
(7)
∑
i∈I
wi>0
wi =
∑
i∈I
wi<0
(−wi).
If the set I is finite, then the set WI,h is also finite.
Every function w ∈ WI,h induces a function fw : GI → G defined by
fw (α) =
∑
i∈I
wiai
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for α ∈ GI . The function fw is a group homomorphism with kernel
(8) Hw =
{
α ∈ GI : fw(α) = 0
}
=
{
α ∈ GI :
∑
i∈I
wiai = 0
}
.
We call Hw the hyperplane in G
I constructed from w.
For every one-to-one function α ∈ GI , let image(α) = {ai : i ∈ I}. Then
A(G, I) = {image(α) : α ∈ GI and α is one-to-one}
is the set of all subsets of G of cardinality |I|. If I is finite and |I| = k, then for
every set A ∈ A(G, I) there are k! one-to-one functions α ∈ GI with image(α) = A.
Theorem 1. Let α ∈ GI be a one-to-one function. The set A = image(α) ∈
A(G, I) is an h-Sidon set if and only if α /∈ Hw for all w ∈ WI,h.
The set of h-Sidon sets of cardinality |I| in the group G is the complement of
the union of hyperplanes ⋃
w∈WI,h
Hw.
This is a finite union of hyperplanes if the set I is finite.
Proof. The set A = image(α) is not an h-Sidon set if and only if there exist b ∈ hA
and functions u, v ∈ NI0 such that the sets of nonnegative integers image(u) = {ui :
i ∈ I} and image(v) = {vi : i ∈ I} satisfy (1) and (2), but uj 6= vj for some
j ∈ I. Let w = u − v ∈ ZI . We have wj = uj − vj 6= 0, and so support(w) 6= ∅.
Condition (1) implies that wi = ui − vi 6= 0 for only finitely many i ∈ I. We have∑
i∈I
wi =
∑
i∈I
(ui − vi) =
∑
i∈I
ui −
∑
i∈I
vi = h− h = 0
and so w satisfies (5). Also,
1 ≤
∑
i∈I
wi>0
wi =
∑
i∈I
ui−vi>0
(ui − vi) ≤
∑
i∈I
ui−vi>0
ui ≤ h
and so w satisfies (6). Therefore, w ∈ WI,h. Because∑
i∈I
wiai =
∑
i∈I
uiai −
∑
i∈I
viai = b− b = 0
we see that if A = image(α) ∈ A(G, I) is not an h-Sidon set, then there exists
w ∈ WI,h such that α is in the hyperplane Hw.
Conversely, let α ∈ GI be a one-to-one function such that α ∈ Hw for some
w ∈ WI,h. We shall prove that A = image(α) = {ai : i ∈ I} is not an h-Sidon set.
For w ∈ WI,h, let I(+) = {i ∈ I : wi > 0} and I(−) = {i ∈ I : wi < 0}. By
conditions (5) and (6), the sets I(+) and I(−) are nonempty, finite, and disjoint.
Define functions u, v ∈ NI0 as follows:
ui =
{
wi if i ∈ I(+)
0 if i /∈ I(+)
and
vi =
{
−wi if i ∈ I(−)
0 if i /∈ I(−).
We have ui 6= vi for all i ∈ I
(+) ∪ I(−), and so u 6= v.
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Conditions (5) and (6) imply that
∑
i∈I wi = 0 and
1 ≤
∑
i∈I
ui =
∑
i∈I
wi>0
wi =
∑
i∈I
wi<0
(−wi) =
∑
i∈I
vi = h1 ≤ h.
Because α ∈ Hw, we have
∑
i∈I wiai = 0, and so∑
i∈I
uiai =
∑
i∈I
wi>0
wiai =
∑
i∈I
wi<0
(−wi)ai =
∑
i∈I
viai
Let h2 = h− h1 ∈ N0 and i0 ∈ I. We have∑
i∈I
ui + h2 =
∑
i∈I
vi + h2 = h1 + h2 = h
and so
b = h2ai0 +
∑
i∈I
uiai = h2ai0 +
∑
i∈I
viai ∈ hA.
There are two essentially distinct representations of b as sums of h elements of A,
and so A is not an h-Sidon set. This completes the proof. 
3. Finite Sidon sets of real numbers
Every hyperplane in Rk is a closed set of Lebesgue measure 0, and so the union
of a finite number of hyperplanes is a closed set of measure 0.
Let Φ be the function that sends a set A = {a1, . . . , ak} of pairwise distinct real
numbers to the vector
(a1, . . . , ak) ∈ R
k
such that
a1 < · · · < ak.
The following result proves that, with respect to Lebesgue measure, almost all sets
of k real numbers are h-Sidon sets.
Theorem 2. Let h and k be positive integers, and let Sh,k(R) be the set of h-Sidon
k-element sets of real numbers. The set Φ (Sh,k(R)) is contained in the complement
of a finite union of hyperplanes, and so almost all k-element sets of real numbers
are h-Sidon sets.
Proof. . Let I = {1, 2, . . . , k}. The set WI,h is finite, and so {Hw : w ∈ WI,h} is
a finite set of hyperplanes. A hyperplane in Rk has Lebesgue measure 0, and so a
finite union of hyperplanes has Lebesgue measure 0.
Let A be a k-element set of real numbers, and let Φ(A) = (a1, a2, . . . , ak) ∈ Rk.
Let
S = {A ⊆ R : |A| = k and A is not an h-Sidon set}.
If A ∈ S, then Φ(A) lies on a hyperplane Hw, and so Φ(S) is contained in a
finite union of hyperplanes. Therefore, Φ(S) has measure 0. This completes the
proof. 
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4. Perturbations of infinite sets
Let G be an additive abelian group. For A ⊆ G and c ∈ G, we define the
translate
A+ c = {a+ c : a ∈ A}.
For b ∈ G and r ∈ {0, 1, . . . , h}, we define
Ar,h(b) = rA + (h− r)b
and obtain
h (A ∪ {b}) =
h⋃
r=0
(rA+ (h− r)b) =
h⋃
r=0
Ar,h(b).
For A,B ⊆ G, define the difference set
A−B = {a− b : a ∈ A and b ∈ B}.
For all nonnegative integers r and s, we have the (r, s)-sum-difference set
rA − sA =
{
r∑
i=1
ai −
r+s∑
i=r+1
ai : ai ∈ A for i = 1, . . . , r + s
}
.
Let F be a field. For A ⊆ F and c ∈ F, we define the dilate
c ∗A = {ca : a ∈ A}.
An absolute value | | on F is trivial if |0| = 0 and |x| = 1 for all x 6= 0. If | | is
a nontrivial absolute value, then inf{|x| : x ∈ F \ {0}} = 0. The usual absolute
values on Q, R, and C and the p-adic absolute values on the p-adic numbers are
nontrivial. Note that a field with a nontrivial absolute value must be infinite.
Lemma 1. Let F be a field with a nontrivial absolute value | |, and let A be a finite
subset of F. For every a∗ ∈ F \ A and δ > 0, there exists an element b ∈ F such
that
|b− a∗| < δ
and the h + 1 sets Ar,h(b) = rA + (h − r)b for r ∈ {0, 1, 2, . . . , h} are pairwise
disjoint.
Proof. Let a∗ ∈ F \A, and let r, s ∈ {0, 1, . . . , h} with s < r. For all x ∈ F we have
(rA+ (h− r)(a∗ + x)) ∩ (sA+ (h− s)(a∗ + x)) 6= ∅
if and only if there exist ai ∈ A for i = 1, . . . , r + s such that
a1 + · · ·+ ar + (h− r)(a
∗ + x) = ar+1 + · · ·+ ar+s + (h− s)(a
∗ + x)
if and only if
(r − s)(a∗ + x) = (a1 + · · ·+ ar)− (ar+1 + · · ·+ ar+s) ∈ rA − sA.
Equivalently,
a∗ + x ∈
(
1
r − s
)
∗ (rA − sA)
or
x ∈
((
1
r − s
)
∗ (rA − sA)
)
− a∗.
Because the set A is finite, the sets
Cr,s =
((
1
r − s
)
∗ (rA − sA)
)
− a∗
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and
C =
⋃
0≤s<r≤h
Cr,s
are also finite. The field F is infinite. For every x ∈ F \ C, the sets Ar,h(a∗ + x)
for r ∈ {0, 1, 2, . . . , h} are pairwise disjoint.
Because C is a finite set, we have
δ1 = min (|c| : c ∈ C and c 6= 0) > 0.
Because the absolute value on F is nontrivial, there exists x∗ ∈ F such that 0 <
|x∗| < min(δ1, δ). It follows that x∗ /∈ C, and so the h + 1 sets Ar,h(a∗ + x) are
pairwise disjoint. If b = a∗ + x∗, then |b − a∗| = |x∗| < δ and the sets Ar,h(b) are
pairwise disjoint for r ∈ {0, 1, 2, . . . , h}. This completes the proof. 
Let I be a nonempty set. For every function α ∈ FI , we define
‖α‖∞ = sup{|α(i)| : i ∈ I}.
Let ε > 0. The function β ∈ FI is an ε-perturbation of the function α ∈ FI if
‖β − α‖∞ < ε.
In this case,
εi = |β(i)− α(i)| < ε
for all i ∈ I.
Theorem 3. Let F be a field with a nontrivial absolute value. Let ε > 0, and
let (εi)
∞
i=1 be a sequence of real numbers such that 0 < εi < ε for all i ∈ N. For
every one-to-one function α ∈ FN and for every positive integer h, there is a one-
to-one function β ∈ FN such that B = {β(i) : i ∈ N} is an h-Sidon set, and
|β(i) − α(i)| < εi for all i ∈ N. In particular, the function β is an ε-perturbation
of α.
Proof. Let ai = α(i) and A = {ai : i ∈ N}. Let A(k) = {ai : i = 1, 2, . . . , k}. For
β ∈ FN, let β(i) = bi. We shall construct a one-to-one function β ∈ FN such that
(1) B(k) = {bi : i = 1, 2, . . . , k} is an h-Sidon set for all k ∈ N,
(2) |ai − bi| < εi for i = 1, . . . , k.
The proof is by induction on k. For k = 1, let β(1) = b1 = a1 and B
(1) = {b1}. We
have |β(1)− α(1)| = |b1 − a1| = 0 < ε1.
Suppose that β(i) = bi has been constructed for i = 1, . . . , k, and that B
(k) =
{b1, . . . , bk} is an h-Sidon set. Apply Lemma 1 to the set A = B(k) with a∗ = ak+1
and δ = εk+1. We obtain b = bk+1 ∈ F such that |bk+1− ak+1| < εk+1 and the sets
B
(k)
r,h(bk+1) are pairwise disjoint for r ∈ {0, 1, . . . , h}.
Let r, s ∈ {0, 1, . . . , h} and x1, . . . , xr+s ∈ B(k+1) satisfy
x1 + · · ·+ xr + (h− r)bk+1 = xr+1 + · · ·+ xr+s + (h− s)bk+1
where r, s ∈ {0, 1, . . . , h} and xi 6= bk+1 for i = 1, . . . , r + s. Because
x1 + · · ·+ xr + (h− r)bk+1 ∈ B
(k)
h,r(bk+1)
and
xr+1, . . . , xr+s + (h− s)bk+1 ∈ B
(k)
h,s(bk+1)
and
B
(k)
h,r(bk+1) ∩B
(k)
h,s(bk+1) = ∅
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for r 6= s. It follows that r = s and so
x1 + · · ·+ xr = xr+1 + · · ·+ x2r.
By the induction hypothesis, B(k) is an h-Sidon set, and so an r-Sidon set. There-
fore, {x1, . . . , xr} = {xr+1, . . . , x2r}. This implies that B(k+1) is an h-Sidon set.
Letting β(k + 1) = bk+1 completes the induction.

Corollary 1. Let F be a field with a nontrivial absolute value. For every set
A = {ai : i = 1, 2, 3, . . .} in F there exists a Sidon set B = {bi : i = 1, 2, 3, . . .} in
F such that limi→∞ |ai − bi| = 0.
References
[1] J. Cilleruelo and I. Z. Ruzsa, Real and p-adic Sidon sequences, Acta Sci. Math. (Szeged) 70
(2004), no. 3-4, 505–510.
[2] K. O’Bryant, A complete annotated bibliography of work related to Sidon sequences, Electronic
J. Combinatorics (2004), Dynamic Surveys DS 11.
Department of Mathematics, Lehman College (CUNY), Bronx, NY 10468
E-mail address: melvyn.nathanson@lehman.cuny.edu
